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THE HEAT KERNEL ON SL(2,R)
SHOTA MORI
Abstract. LetG be a noncompact semisimple Lie group equipped
with a certain invariant Riemannian metric. Then, we can consider
a heat kernel function on G associated to the Riemannian metric.
We give an explicit formula for the heat kernel when G = SL(2,R).
The main tools are spherical transform and Helgason-Fourier trans-
form for homogeneous vector bundles studied by R. Camporesi.
1. Introduction
The main purpose of this paper is to calculate a heat kernel on
SL(2,R) explicitly, where we treat SL(2,R) as a Riemannian manifold
equipped with a certain invariant metric. The main theorem (Theorem
45) is stated at the end of Section 7.
First of all, we present the significance of our problelm as well as a
background history. In 1961, V. Bargmann([1]) introduced a Hilbert
space
Fn,t = {F : Cn → C : holomorphic |
∫
Cn
|F (z)|2ρCn(t, z)dxdy <∞},
where ρCn(t, z) =
1
(pit)n
e−
|z|2
t , and an integral operatorAt : L
2(Rn, dx)→
Fn,t given by
Atf(z) =
1
(pit)
1
4
∫
Rn
e
−z2+2√2z·x−x2
2t f(x)dx, f ∈ L2(Rn, dx)
for any t > 0 and any n ∈ N. Bargmann proved that At is a uni-
tary operator. The space Fn,t is called the Segal-Bargmann space and
the operator At is called the Segal-Bargmann transform since I. E. Se-
gal considered almost the same things at the same time ([23]). The
Segal-Bargmann space, the Segal-Bargmann transform and their gen-
eralizations are important research objects in mathematical physics,
probability theory and representation theory today with some open
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problems. We remark that the function ρCn(t, z) satisfies the heat
equation on Cn ∼= R2n:
∂ρCn
∂t
=
1
4
∆R2nρCn ,
where ∆R2n is the Euclidean Laplacian on R
2n. We call the function
ρCn the heat kernel on C
n. After Bargmann’s and Segal’s works, in
1994, B. Hall observed that an operator slightly modified from Segal-
Bargmann transform can be treated as a convolution operator (see
[7], [8]). We introduce the operator following [8, Section 6.2]. Let
ρRn : (0,∞)× Rn → R be a function defined by
ρRn(t, x) =
1
(2pit)
n
2
e−
|x|2
2t .
We remark that the function ρRn satisfies the heat equation
∂ρRn
∂t
=
1
2
∆RnρRn
and that ρRn has an analytic continuation to C
n. We call the function
ρRn the heat kernel on R
n. We define ρt(x) = ρRn(t, x). For t > 0, let
M√ρt : L
2(Rn, ρtdx)→ L2(Rn, dx) be a multiplication operator defined
by
M√ρtf(x) =
√
ρt(x)f(x).
Then, M√ρt is a unitary operator. Let Bt = At ◦ M√ρt . Then, the
operator Bt is a unitary operator from L
2(Rn, ρtdx) onto Fn,t given by
Btf(z) =
∫
Rn
ρt(z − x)f(x)dx.
This is a convolution operator. We call Bt also the Segal-Bargmann
transform. Furthermore, Hall introduced a different kind of the Segal-
Bargmann transform, where Rn is replaced by any compact Lie group
K and Cn is replaced by a complex Lie group KC which is a complex-
ification of K (see [7, Theorem 1’]). To understand this theory deeply,
we need to calculate examples. To calculate the examples, we should
calculate the heat kernels on Lie groups. The universal covering group
of K is a direct product group of a vector group RN and connected
simply-connected compact simple Lie groups. Thus simple examples
are the cases where K is a torus or K is a connected simply-connected
compact simple Lie group. If K is a torus, we can calculate concretely
the heat kernels on K and KC. Next, we consider the case that K is a
connected simply-connected compact simple Lie group. The simplest
example is the case K = SU(2). We can calculate the heat kernel on
SU(2) (see Theorem 2). However, the heat kernel on KC = SL(2,C)
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has not been calculated explicitly as far as we know. Thus, if we can
calculate the heat kernel on SL(2,C) explicitly, we will give the first
example of the Segal-Bargmann transform for a simple Lie group K.
In this way, we pose the problem of calculating the heat kernel on
SL(2,C).
Generalizing the problem, we consider the heat equation and the
heat kernel on SL(2,R). The heat kernel on SL(2,R) seems not to be
calculated either. We think that this problem is easier than the one for
SL(2,C). Indeed, since we have found a good approach to the problem
for SL(2,R) in this paper, we may apply it similarly to the problem
for SL(2,C) in future and give the example of the Segal-Bargmann
transform. In addition, we can understand some open problems about
Segal-Bargmann transform deeply.
Before the discussion in details, we recall heat problems on Riemann-
ian manifolds M in two cases. The first case is when M is a compact
Lie group. This situation is discussed in Stein’s book (see [24, Chapter
2, Theorem 1]). To know the heat kernel, we calculate the heat semi-
group by using Peter-Weyl Theorem. The second case is when M is a
Riemannian symmetric space. This situation is discussed by Gangolli
(see [6, Proposition 3.1]). In this paper, we use the spherical transform
on symmetric spaces (see [11, Chapter 4]). Our work is a generalization
of both. In fact, we use Peter-Weyl theorem in Section 3 and general
spherical transforms in Section 5.
In this paper, we use a general method to calculate the heat kernel
on SL(2,R). We expect that the heat kernel on SL(2,C) (more gener-
ally, a non-compact semisimple Lie group G having a multiplicity-free
subgroup K) is calculated by a similar way in future.
Let us explain contents of each section. In Section 2, we introduce
Hall’s Segal-Bargmann transform. This section is based on [7] mainly.
In section 3, we discuss the heat kernels on Lie groups. We formulate
the heat equation in terms of Riemannian symmetric pairs in Section
3.1. Next, we show existence and uniqueness of the heat kernel on Lie
groups. In Section 4, we give a decomposition of the L2 space on a
semisimple Lie group. Each subspace can be understood as a space of
sections of a homogeneous vector bundle. In Section 5, we discuss the
spherical transforms for homogeneous vector bundles. This theory is
introduced by R. Camporesi firstly (see [2]). In Section 6, we discuss
the Helgason-Fourier transform for homogeneous vector bundles. This
theory is also introduced by R. Camporesi (see [3]). In Section 7, we
calculate the heat kernel on SL(2,R).
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2. Segal-Bargmann transform
Let K be a connected compact Lie group, dk be the normalized
Haar measure on K, and k be the Lie algebra of K. We take an Ad(K)
invariant inner product 〈, 〉k on k. Then 〈, 〉k induces a K bi-invariant
Riemannian metric on K. Let {X1, ..., Xm} be an orthonormal basis
of k, and X˜1, ..., X˜m be left invariant vector fields on K induced by
the elements X1, ..., Xm. Let ∆K =
∑m
j=1 X˜j ◦ X˜j. The differential
operator ∆K is a Laplace-Beltrami operator on K as a Riemannian
manifold (see [26, Theorem 1]).
Definition 1. (cf. [7, (10)], [22], [24, Chapter 2])
We call a function ρK : (0,∞)×K → (0,∞) a heat kernel on K if ρK
satisfies the conditions below:
(i)
∂
∂t
(ρK ∗ f) = 1
2
∆K(ρK ∗ f),
(ii) ‖ ρK ∗ f − f ‖L2(K,dk)→ 0 (t→ +0), f ∈ L2(K, dk).
Here, f1 ∗ f2(k) =
∫
K
f1(k
′−1k)f2(k′)dk′.
A classical theorem gives a series expression of the heat kernel ρK .
Theorem 2. (cf. [24, Chapter 2, Theorem 1])
The heat kernel ρK exists uniquely, and it is given by
ρK(t, k) =
∑
τ∈Kˆ
(dimVτ )e
−cτ tχτ (k),
where Kˆ is the set of equivalence classes of irreducible unitary repre-
sentations of K and cτ is a non-negative real number determined by
an equation
∑m
j=1 dτ(Xj)
2 = −cτ idVτ .
We shall introduce a specific complexification of the compact Lie
group K.
Theorem 3. (cf. [13, Chapter 17.5, Theorem 5.1])
A complexification (KC, ι : K → KC) of K with the following property
exists: IfH is a complex Lie group and φ : K → H is a homomorphism,
there exists a unique holomorphic homomorphism φ˜ : KC → H such
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that φ = φ˜ ◦ ι. Moreover, such a complexification is unique up to a
complex Lie group isomorphism.
We call KC a universal complexification of K.
Theorem 4. (cf. [14, Proposition 7.5.])
If K is semisimple, a complexification of K exists and is unique up to
a complex Lie group isomorphism. In particular, any complexification
is universal.
The heat kernel ρK has an analytic continuation toKC (see [7, Propo-
sition 1]). Next, we fix notation related to KC. Let dg be a Haar
measure on KC and kC be the Lie algebra of KC. We define an inner
product 〈, 〉kC by
〈X + iX ′, X ′′ + iX ′′′〉kC = 〈X,X ′′〉k + 〈X ′, X ′′′〉k, X,X ′, X ′′, X ′′′ ∈ k.
Let Yj = iXj(1 ≤ j ≤ m). Then, {X1, ..., Xm, Y1, ..., Ym} is an or-
thonormal basis of kC.
Remark 5. A decomposition kC = k⊕ ik is exactly the Cartan decom-
position for the Riemannian symmetric pair (KC, K).
The inner product 〈, 〉kC induces a left KC invariant and right K
invariant Riemannian metric onKC. Let ∆KC =
∑m
j=1(X˜j◦X˜j+Y˜j◦Y˜j).
The differential operator ∆KC is a Laplace-Beltrami operator on KC as
a Riemannian manifold. Following Hall [7], we give a definition of a
heat kernel and recall an existence and uniqueness theorem which is
slightly different from the ones for K.
Definition 6. We call a function ρKC : (0,∞)×KC → (0,∞) a heat
kernel of KC if ρKC satisfies the conditions below.
(i)
∂
∂t
(ρKC ∗ f) =
1
4
∆KC(ρKC ∗ f),
(ii) ‖ ρKC ∗ f − f ‖L2(KC,dg)→ 0 (t→ +0), f ∈ L2(KC, dg).
Theorem 7. ([22]) Let A be a closure of 1
4
∆KC as a operator on
L2(KC, dg) and e
tA be a semigroup generated by A. Then, etA is a
convolution operator and its integral kernel is a heat kernel of KC (we
denote it ρKC).
Now, we recall B. Hall’s theorem. Let HL2(KC, α(g)dg) be the
weighted Bergman space of holomorphic L2 functions on KC with re-
spect to the weight α which is a positive continuous function on KC.
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Theorem 8. ([7, Theorem 1’])
Fix a positive number t > 0. LetBt : L
2(K, ρK(t, k)dk)→ HL2(KC, ρKC(t, g)dg)
be a linear operator given by
Btf(g) =
∫
K
ρK(t, k
−1g)f(k)dk.
Then, Bt is a unitary isomorphism.
We want to observe closely what happens actually in Theorem 8 for
concrete examples. To see the simplest case K = SU(2), we pose a
problem.
Problem 9. Calculate the heat kernel on SL(2,C) explicitly.
3. Heat equations
3.1. Heat equations on semisimple Lie groups. In this section,
we generalize Problem 9. Let G be a noncompact connected semisimple
Lie group , dg be a Haar measure on G, K ⊂ G be a maximal compact
subgroup and dk be the normalized Haar measure on K. The pair
(G,K) is a Riemannian symmetric pair (see [10, Chapter 5]). Let
σ : G→ G be a Cartan involution with respect to the pair (G,K). Let
g be the Lie algebra of G, k be the Lie algebra of K and dσ : g→ g be a
differential of σ. Then, k = {X ∈ g | dσ(X) = X}. We denote by p the
set {X ∈ g | dσ(X) = −X}. Then, we get the decomposition g = k⊕ p
as a linear space. We take an Ad(K) invariant inner product 〈, 〉g on g.
Then, 〈, 〉g induces a left G invariant and right K invariant Riemannian
metric on G. Let {X1, ..., Xm} be an orthonormal basis of k, {Y1, ..., Yn}
be an orthonormal basis of p, and X˜1, ..., X˜m, Y˜1, ..., Y˜n be left invariant
vector fields on G which are induced by elements X1, ..., Xm, Y1, ..., Yn.
Let ∆G =
∑m
j=1 X˜j ◦ X˜j +
∑n
k=1 Y˜k ◦ Y˜k. The differential operator ∆G
is a Laplace-Beltrami operator on G as a Riemannian manifold.
Definition 10. We call a function ρG : (0,∞) × G → (0,∞) a heat
kernel on G if ρG satisfies the conditions below:
(i)
∂
∂t
(ρG ∗ f) = ∆G(ρG ∗ f),
(ii) ‖ ρG ∗ f − f ‖L2(G,dg)→ 0 (t→ +0), f ∈ L2(G, dg).
Remark 11. Definition 6 in Section 2 is a special example of Definition
10 because (KC, K) is a Riemannian symmetric pair.
Now, we pose a generalized problem.
Problem 12. Calculate the heat kernel on G explicitly. Especially,
calculate the heat kernel on SL(2,R).
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3.2. Existence and uniqueness of the heat kernel. First, we recall
basic notions. Let M be a Riemannian manifold. Let X(M) be the set
of all vector fields onM , ∇ : X(M)×X(M)→ X(M) be the Levi-Civita
connection, R(X, Y ) := ∇X∇Y −∇Y∇X −∇[X,Y ] be the curvature of
the pair (X, Y ) ∈ X(M)×X(M) and let Ric : X(M)×X(M)→ C∞(M)
be the Ricci curvature given by
Ric(X, Y ) =
m∑
j=1
〈R(X,Ej)Y,Ej〉, X, Y ∈ X(M),
where {Ej}mj=1 is a frame field on M (see [21, Lemma 52 in Chapter
3]). We recall an important notion about the Ricci curvature.
Definition 13. (cf. [4, Section 3.3]) We say that the Ricci curvature
is bounded from below if there exists κ ∈ R such that
Ric(u, u) ≥ κ||u||2x, u ∈ TxM,x ∈M.
Next, we discuss the heat kernel. Let dv be the volume form on M
and ∆ be the Laplace-Beltrami operator.
Definition 14. A function ρ on (0,∞)×M×M is called a heat kernel
if the following holds: for each f0 ∈ L2(M, dv), if we put f(t, x) :=∫
M
ρ(t, x, y)f0(y)dv(y) (t > 0), then f(t, •) ∈ L2(M, dv) for all t > 0
and f satisfies the conditions below.
(i)
∂f
∂t
= ∆f,
(ii) ||f(t, •)− f0||L2(M,dv) → 0 (t→ +0).
We show existence and uniqueness of the heat kernel onG. Dodziuk’s
work [5] tells us that if M is complete with Ricci curvature bounded
from below, then there exists a unique heat kernel. Thus, it is enough
to show that G is a complete Riemannian manifold with Ricci curvature
bounded from below. The statements below are well-known, while we
write their proofs for completeness.
Lemma 15. G is complete.
Proof. We show that every Cauchy sequence converges. Let d be the
Riemannian distance on G and {gν}∞ν=1 be any Cauchy sequence in
G. Since G is locally compact, there exists r > 0 such that the open
subset U = {g ∈ G|d(g, e) < r} is relatively compact. Since {gν}∞ν=1 is
a Cauchy sequence, there exists N ∈ N such that d(gν , gν′) < r for all
ν, ν ′ ≥ N . For g ∈ G, let lg : G ∋ x 7→ gx ∈ G. These are isometries.
We consider the sequence {lg−1
N
(gν)}∞ν=1. This is also a Cauchy sequence
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and {lg−1
N
(gν)}∞ν=N ⊂ U . Since U is relatively compact, the sequence
{lg−1
N
(gν)}∞ν=1 converges in G. Then, the sequence {gν}∞ν=1 converges to
lgN ( lim
ν→∞
lg−1
N
(gν)). 
Lemma 16. The Ricci curvature is bounded from below.
Proof. It is known that ∇X˜ Y˜ is left invariant for X, Y ∈ g (see [10,
Section 1.3 in Chapter 2]). Thus, R(X˜, Y˜ )Z˜ is also left invariant for
X, Y, Z ∈ g. We put {Ej} = {X˜j}mj=1 ∪ {Y˜k}nk=1 as a frame field. The
value Ric(X˜, Y˜ ) is a constant on G for each X, Y ∈ g. Then, value of
Ric and κ in Definition 13 is determined on TeG. 
Corollary 17. The heat kernel on G exists uniquely.
4. Decomposition of the L2 space
We introduce a decomposition of L2(G, dg) to be used later. Since
the pair (G,K) is a Riemannian symmetric pair, the map p × K ∋
(Y, k) 7→ eY k ∈ G is a diffeomorphism (see [14, Theorem 6.31]). In this
situation, p is diffeomorphic to G/K naturally. Thus G/K × K and
G are diffeomorphic. Let ι : G/K × K → G be the diffeomorphism
and dp be a left G invariant measure on G/K such that ι∗dg = dpdk.
Then,
L2(G, dg) ∼= L2(G/K, dp)⊗ L2(K, dk).
In this equality, the right hand side means completion of a tensor prod-
uct space. Using the Peter-Weyl theorem:
L2(K, dk) ∼=
∑
τ∈Kˆ
Vτ ⊗ V ∗τ ,
we get
L2(G, dg) ∼=
∑
τ∈Kˆ
(L2(G/K, dp)⊗ Vτ )⊗ V ∗τ .
Let
L2(G, τ) = {f : G→ Vτ | f(gk) = τ(k−1)f(g) (k ∈ K, g ∈ G),
∫
G
||f(g)||2Vτdg <∞},
which is regarded naturally as the space of L2-sections of a homoge-
neous vector bundle G×KVτ over G/K (see [25, Definition 3 in Chapter
4]). Note that L2(G, τ) is preserved by the left translation Lh (h ∈ G)
given by Lhf(g) = f(h
−1g).
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Lemma 18. The map
L2(G/K, dp)⊗ Vτ ∋ f ⊗ v 7→ (ι(p, k) 7→ τ(k−1)f(p)v) ∈ L2(G, τ) (1)
gives an isomorphism as Hilbert spaces:
L2(G/K, dp)⊗ Vτ ∼= L2(G, τ).
Proof. Let {v1, ..., vd} be an orthonormal basis of Vτ . For a function
f ∈ L2(G, τ) and g ∈ G, we obtain the expression f(g) =∑ds=1 fs(g)vs.
Then the map
L2(G, τ) ∋ f 7→
d∑
s=1
fs(ι(•, eK))⊗ vs ∈ L2(G/K, dp)⊗ Vτ
is an inverse of the map (1). 
Therefore we have
L2(G, dg) ∼=
∑
τ∈Kˆ
L2(G, τ)⊗ V ∗τ .
We define an action of G×K on L2(G, dg) by
(h, k) · f(g) = f(h−1gk), h ∈ G, k ∈ K
and an action of G×K on L2(G, τ)⊗ V ∗τ by
(h, k) · f ⊗ v∗ = Lhf ⊗ τ ∗(k)v∗, h ∈ G, k ∈ K.
In this situation, the isomorphism in the decomposition of L2(G, dg)
above is an intertwining operator as G × K modules. We treat the
differential operator ∆G as an operator on L
2(G, dg). Then, ∆G pre-
serves each subspace which is isomorphic to L2(G, τ) ⊗ V ∗τ . Thus, we
can reduce the heat equation on G to heat equations on homogeneous
vector bundles G×K Vτ .
5. The spherical transforms
5.1. A multiplicity free subgroup. Let us recall Camporesi’s work
here. Let G be a locally compact group satisfying the 2nd axiom of
countability and K be a compact subgroup of G. For τ ∈ Kˆ and
U ∈ Gˆ, let m(τ, U) be the multiplicity of τ in U |K .
Definition 19. ([16]) A compact subgroup K of G is said to be a
multiplicity free subgroup if m(τ, U) ≤ 1 for all τ ∈ Kˆ and all U ∈ Gˆ.
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Examples of pairs (G,K) whereK is a multiplicity free subgroup ofG
are found in [16, Theorem 1]. One of the examples is (SU(1, 1), S(U(1)×
U(1))). Let c = 1√
2
(
1 i
i 1
)
. Since cSU(1, 1)c−1 = SL(2,R) and
cS(U(1) × U(1))c−1 = SO(2), the compact group SO(2) is a multi-
plicity free subgroup of SL(2,R).
5.2. The spherical transforms. We discuss the spherical transform
of “radial systems of sections” (denoted by C∞0 (G, τ, τ) below, see [2]).
Let G be a connected noncompact semisimple Lie group with finite
center and K be a maximal compact subgroup of G. We assume that
K is a multiplicity free subgroup of G. Let τ ∈ Kˆ and
C∞0 (G, τ, τ) =
{F ∈ C∞0 (G,End(Vτ )) |F (k1gk2) = τ(k−12 )F (g)τ(k−11 ), x ∈
G, k1, k2 ∈ K}.
For any F ∈ C∞0 (G, τ, τ) and v ∈ Vτ , a vector-valued function f(g) =
F (g)v (g ∈ G) defines a section of a homogeneous vector bundle G×K
Vτ . Since G = KAK (Cartan decomposition), the value of f is de-
termined on A. Because of this observation, f is called a “radial sec-
tion” and F is called a “radial system”. The convolution product on
C∞0 (G, τ, τ) is defined by
F1 ∗ F2(g) =
∫
G
F1(g
′−1g)F2(g
′)dg′.
In fact, F1 ∗ F2 ∈ C∞0 (G, τ, τ) because
F1 ∗ F2(k1gk2) =
∫
G
F1(g
′−1(k1gk2))F2(g′)dg′
=
∫
G
F1(g
′−1gk2)F2(k1g′)dg′
= τ(k−12 )
(∫
G
F1(g
′−1g)F2(g′)dg′
)
τ(k−11 )
= τ(k−12 )F1 ∗ F2(g)τ(k−11 ).
Let Gˆ(τ) = {U ∈ Gˆ |m(τ, U) 6= 0}. We fix U ∈ Gˆ(τ) and we define
the spherical function on G (see [2, (10)]). Let HU be a representation
space of U , Hτ ⊂ HU be the isotypic component of τ and Pτ : HU → Hτ
be the orthogonal projection operator. Since m(τ, U) = 1, there exists
an isomorphism ιτ : Vτ → Hτ . Let ΦUτ : G→ End(Vτ ) be
ΦUτ (g) = ι
−1
τ PτU(g)ιτ .
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We call this function ΦUτ a spherical function of type τ ([2]). Next, we
define the spherical transform.
Definition 20. ([2, Definition 3.3]) The spherical transform of F ∈
C∞0 (G, τ, τ) is the function Fˆ : Gˆ(τ)→ C defined by
Fˆ (U) =
1
dimVτ
∫
G
tr(ΦUτ (g)F (g))dg.
The spherical transform preserves products.
Theorem 21. ([2, After Lemma 3.4]) For any F1, F2 ∈ C∞0 (G, τ, τ),
we have
̂(F1 ∗ F2)(U) = Fˆ1(U)Fˆ2(U), U ∈ Gˆ(τ).
The spherical transform has an inverse map. To describe this, we
recall the Plancherel measure on Gˆ. For any f ∈ C0(G) and U ∈ Gˆ,
let U(f) be the linear operator on HU defined by
U(f) =
∫
G
f(g)U(g)dg
(see [27, Section 4.1]).
Theorem 22. (cf. [28, Theorem 7.2.1.1]) There exists the measure dµ
on Gˆ uniquely such that∫
G
|f(g)|2dg =
∫
Gˆ
tr(U(f)U(f)∗)dµ(U), f ∈ L1(G, dg) ∩ L2(G, dg).
Such dµ is called the Plancherel measure on Gˆ.
Theorem 23. ([2, Theorem3.9]) For any F ∈ C∞0 (G, τ, τ), we have
F (g) =
1
dimVτ
∫
Gˆ(τ)
ΦUτ (g
−1)Fˆ (U)dµ(U).
In addition, the spherical transform is a unitary map.
Theorem 24. ([2, Corollary 3.10]) The spherical transform extends to
a unitary map L2(G, τ, τ)→ L2(Gˆ(τ), dµ).
6. The Helgason-Fourier transforms
6.1. Principle series representations. First, we discuss parabolic
subgroups according to [14, Section 7.7]. Let G be a linear connected
reductive group, K be the compact subgroup, Θ be the global Cartan
involution, B be a nondegenerate bilinear form on g and g = k⊕ p be
the Caran decomposition. Let a ⊂ p be a maximal abelian subspace,
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Σ(g, a) be the set of restricted roots, Σ+(g, a) be a set of positive re-
stricted roots with some linear order, m ⊂ k be the centralizer of a in k,
and n = ⊕λ∈Σ+(g,a)gλ. Let A and N be the analytic subgroups of G cor-
responding to a and n respectively, andM ⊂ G be the centralizer of A.
Then, m = Lie(M) and we get an Iwasawa decomposition G = KAN
(see [14, Proposition 7.31]) and a closed subgroup Q = MAN called
a minimal parabolic subgroup (see [14, After Proposition 7.31]). Let
q = m ⊕ a ⊕ n. A Lie subalgebra q′ ⊂ g is called a q-parabolic subal-
gebra if q ⊂ q′. We call it just a parabolic subalgebra for simplicity in
what follows. Let Π(g, a) be the set of simple roots.
Proposition 25. (cf. [14, Proposition 7.76]) Let q′ be a parabolic
subalgebra. Then, there exists a subset Π′ ⊂ Π(g, a) such that
q′ = m⊕ a⊕ (
⊕
β∈Γ
gβ),
where Γ = Σ+(g, a) ∪ (Σ(g, a) ∩ span(Π′)).
We put
a′ =
⋂
β∈Γ∩(−Γ)
Kerβ,
m′ = m⊕ a′⊥ ⊕ (
⊕
β∈Γ∩(−Γ)
gβ),
n′ =
⊕
β∈Γ\(−Γ)
gβ .
Let A′ and N ′ be analytic subgroups such that Lie(A′) = a′ and
Lie(N ′) = n′. Let z(a′) ⊂ g be the centralizer of a′, Z(A′) ⊂ G be
the centralizer of A′, M ′ss ⊂ G be the analytic subgroup corresponding
to [z(a′), z(a′)] and M ′ be the group (K ∩ Z(A′))M ′ss. Then we have
q′ = m′⊕a′⊕n′ (see [14, After Proposition 7.76]) and Q′ =M ′A′N ′ is a
closed subgroup of G (see [14, After Corollary 7.81]). These decompo-
sitions are called the Langlands decompositions. Moreover, we call Q′ a
parabolic subgroup. Let θ = dΘ. A parabolic subgroup Q′ = M ′A′N ′
is called cuspidal if there is a θ stable compact Cartan subalgebra in
m′.
Next, we discuss induced representations according to [15, Section
7.1]. We put (a′)∗ = HomR(a′,R) and (a′C)
∗ = HomR(a′,C). We take
σ′ ∈ Mˆ ′, ν ′ ∈ (a′C)∗ and ρa′ = 12
∑
α∈Σ+(g,a′)(dimgα)α. Let Vσ′ be a rep-
resentation space of σ′, H (Q′, σ′, ν ′) be the space of Vσ′-valued measur-
able functions F such that F (gm′a′n′) = e−(ν
′+ρ
a
′ )(loga)σ′(m)−1F (g) for
a.e. g ∈ G, m′ ∈M ′, a′ ∈ A′ and n′ ∈ N ′ with ||F ||2 := ∫
K
|F (k)|2dk <
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∞. The induced representation U(Q′, σ′, ν ′) = indGQ′(σ′⊗ eν′⊗1) is de-
fined on H (Q′, σ′, ν ′) by
U(Q′, σ′, ν ′)(g)F (h) = F (g−1h), g, h ∈ G.
Then, the pair (U(Q′, σ′, ν ′),H (Q′, σ′, ν ′)) is a continuous representa-
tion of G (see [15, Section 7.2]), which is called principle series. It is
known that U(Q′, σ′, ν ′) is unitary if ν ′ is pure imaginary valued on a′.
Moreover, if σ′ has a real infinitesimal character and no root in Σ(g, a′)
is orthogonal to ν ′, then U(Q′, σ′, ν ′) is irreducible (see [15, Theorem
14.93]).
6.2. The Helgason-Fourier transforms. First, we discuss the Helgason-
Fourier transforms. We assume that G is a semisimple Lie group hav-
ing a multiplicity-free subgroup K and that Q′ is cuspidal. We take
A1, N1 ⊂ G so that A = A′A1 and N = N ′N1 as in [15, Proposition
7.14]. It is known that MA1N1 is a minimal parabolic subgroup of M
′
(see [15, Section 8.10]).
Proposition 26. ([3, Proposition 4.1]) Let σ′ ∈ Mˆ ′ be a discrete series
representation (see [15, Theorem 8.51]). Then, there exists σ˜′ ∈ Mˆ and
µ1 ∈ a∗1 such that σ′ is infinitesimally equivalent with a subrepresenta-
tion of indM
′
MA1N1
(σ˜′ ⊗ eµ1 ⊗ 1).
We write g = k(g)eH(g)n(g) ∈ KAN for each g ∈ G. Let τ ∈ Kˆ,
C∞0 (G, τ) = {f : G→ Vτ | f(gk) = τ(k−1)f(g) (k ∈ K, g ∈ G), f ∈ C∞0 (G, Vτ )}
and F λ : G→ EndC(Vτ ) be a map given by F λ(g) = eλ(H(g))τ(k(g)) for
each g ∈ G and λ ∈ a∗C. We define the inner product on EndM(Vτ , Vσ˜′)
by 〈S, T 〉 = 1
dimVσ˜′
tr(S∗T ), where S∗ is an adjoint operator of S. We
take an orthonormal basis {Tξ} of EndM(Vτ , Vσ˜′) and Tσ˜′ =
∑
ξ T
∗
ξ Tξ.
Definition 27. ([3, (3.18)]) For f ∈ C∞0 (G, τ), we define the function
f˜ : a∗C ×K → Vτ by
f˜(λ, k) =
∫
G
F iλ¯−ρa(g−1k)∗f(g)dg.
We say f˜ is the Helgason-Fourier transform of f .
Theorem 28. ([3, After Theorem 4.3]) Let f1, f2 ∈ C∞0 (G, τ). Then,
there exists cQ′ > 0 for each Q
′ such that
〈f1, f2〉L2(G,dg)
=
∑
Q′
cQ′
∑
σ′
1
dimVσ˜′
∫
a′∗×K
〈Tσ˜′ f˜1(ν ′ + iµ1, k), Tσ˜′ f˜2(ν ′ −
iµ1, k)〉Vτpσ′(ν ′)dν ′dk,
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where pσ′(ν
′)dν ′ = dµ(U(Q′, σ′, iν ′)) and each σ′ is a discrete series of
M ′ such that U(Q′, σ′, iν ′)|K contains τ .
Next, we describe relations between the Helgason-Fourier transforms
and the spherical transforms in a special case. Let Ψ ∈ C∞0 (G, τ, τ),
v ∈ Vτ and ψ(g) = Ψ(g)v for g ∈ G. Then, ψ ∈ C∞0 (G, τ). In this
situation, we get
ψ˜(ν, k) =
∑
σ∈Mˆ,σ⊂τ |M
tΨˆ(U(Q, σ, iν))Pστ(k
−1)v, ν ∈ a∗, k ∈ K
([3, (5.28)]). In relation to this, we show an important formula which
does not appear in [3]. This is generalization of [12, Lemma 1.4 in
Chapter 3]. Let Ψ ∈ C∞0 (G, τ, τ) and f ∈ C∞0 (G, τ). We define the
convolution between Ψ and f by
Ψ ∗ f(g) =
∫
G
Ψ(g′−1g)f(g′)dg′.
Theorem 29. Let Ψ ∈ C∞0 (G, τ, τ) and f ∈ C∞0 (G, τ). Then,
Ψ˜ ∗ f(ν, k) =
( ∑
σ∈Mˆ ,σ⊂τ |M
tΨˆ(U(Q, σ, iν))Pσ
)
f˜(ν, k), ν ∈ a∗, k ∈ K.
Proof. Let h, h′ ∈ G and l ∈ K. We rewrite hh′l:
hh′l = hk(h′l)eH(h
′l)n(h′l)
= k(hk(h′l))eH(hk(h
′l))n(hk(h′l))eH(h
′l)n(h′l)
= k(hk(h′l))eH(hk(h
′l))+H(h′l)e−H(h
′l)n(hk(h′l))eH(h
′l)n(h′l).
Since A normalizes N , we get k(hh′l) = k(hk(h′l)) and H(hh′l) =
H(hk(h′l)) +H(h′l). Then,
Ψ˜ ∗ f(ν, k)
=
∫
G
e−(iν+ρa)(H(g
−1k))τ(k(g−1k))−1Ψ ∗ f(g)dg
=
∫
G
∫
G
e−(iν+ρa)(H(g
−1k))τ(k(g−1k))−1Ψ(g′−1g)f(g′)dgdg′.
We change the variable from g to g′g:
Ψ˜ ∗ f(ν, k)
=
∫
G
∫
G
e−(iν+ρa)(H(g
−1g′−1k))τ(k(g−1g′−1k))−1Ψ(g)f(g′)dgdg′.
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Next, we use the formula above with h = g−1, h′ = g′−1 and l = k:
Ψ˜ ∗ f(ν, k)
=
∫
G
∫
G
e−(iν+ρa)(H(g
−1k(g′−1k))+H(g′−1k))τ(k(g−1k(g′−1k)))−1Ψ(g)f(g′)dgdg′.
We change the variable from g to k(g′−1k)g:
Ψ˜ ∗ f(ν, k)
=
∫
G
∫
G
e−(iν+ρa)(H(g
−1)+H(g′−1k))τ(k(g−1))−1Ψ(k(g′−1k)g)f(g′)dgdg′
=
∫
G
∫
G
e−(iν+ρa)(H(g
−1)+H(g′−1k))τ(k(g−1))−1Ψ(g)τ(k(g′−1k))−1f(g′)dgdg′.
=
∫
G
e−(iν+ρa)(H(g
−1))τ(k(g−1))−1Ψ(g)dgf˜(ν, k).
Thus, we get
Ψ˜ ∗ f(ν, k) =
( ∑
σ∈Mˆ,σ⊂τ |M
tΨˆ(U(Q, σ, iν))Pσ
)
f˜(ν, k).

In general, letQ′ be any parabolic subgroup, Ψ ∈ C∞0 (G, τ, τ), v ∈ Vτ
and ψ(g) = Ψ(g)v for g ∈ G. It is known that
Tσ˜′ψ˜(ν
′ − iµ1) = tΨˆ(U(Q′, σ′, ν ′))Tσ˜′τ(k−1)v
(see [3, After (5.30)]).
7. The heat kernel on SL(2,R)
7.1. The heat equation on SL(2,R). First, we fix some notations
and define a differential operator. Let G = SL(2,R) and K = SO(2).
Since the map θ : G ∋ g 7→ (tg)−1 ∈ G is a Cartan involution, the pair
(G,K) is a Riemannian symmetric pair. Let g = sl(2,R), k = so(2)
and p = {X ∈ g | dθ(X) = −X}. Then g = k⊕ p. Let 〈, 〉g be an inner
product on g defined by 〈X, Y 〉g = 4tr(tXY ). Then the inner product
satisfies the conditions below:
〈X, Y 〉g = −4tr(XY ), X, Y ∈ k,
〈X, Y 〉g = +4tr(XY ), X, Y ∈ p,
〈X, Y 〉g = 0, X ∈ k, Y ∈ p.
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These properties are related to the Killing form. Moreover 〈, 〉g is
Ad(K) invariant. Let
X1 =
1√
8
(
0 −1
1 0
)
, Y1 =
1√
8
(
1 0
0 −1
)
, Y2 =
1√
8
(
0 1
1 0
)
.
Then, {X1} is an orthonormal basis of k and {Y1, Y2} is an orthonormal
basis of p. Thus the differential operator which we should consider is
∆G = X˜1 ◦ X˜1 + Y˜1 ◦ Y˜1 + Y˜2 ◦ Y˜2.
Next, we define a Haar measure dg onG according to [25, Proposition
5.1 in Chapter 5]. Let
kθ =
(
cos θ
2
sin θ
2
−sin θ
2
cos θ
2
)
, as =
(
e
s
2 0
0 e−
s
2
)
, nx =
(
1 x
0 1
)
for θ, s, x ∈ R and
A = {as | s ∈ R}, N = {nx | x ∈ R}.
Then, we get the Iwasawa decomposition
G = KAN ∼= K × A×N
and the Cartan decomposition
G = KAK.
We define dg by∫
G
f(g)dg =
1
4pi
∫
(0,4pi)×R×R
f(kθasnx)e
sdθdsdx, f ∈ C0(G).
7.2. Decomposition of L2(SL(2,R), dg). For n ∈ Z, let τn : K →
GL(1,C) ∼= C× be the function defined by τn(kθ) = ein θ2 . Then, Kˆ =
{τn}n∈Z. Note that all the representation space Vτn is C. According to
Section 4, we get the following decomposition:
L2(G, dg) =
∑
n∈Z
L2(G, τn),
where L2(G, τn) = {f ∈ L2(G) | f(gk) = τn(k−1)f(g), g ∈ G, k ∈ K}.
In this situation, L2(G, τn, τn) ⊂ L2(G, τn). Let Pτn : L2(G, dg) →
L2(G, τn) be the orthogonal projection operator. Then we have
Pτnf(g) =
∫
K
τn(k)f(gk)dk
since∫
K
τn(k
′)f((gk)k′)dk′ =
∫
K
τn(k
−1k′)f(gk′)dk′ = τn(k−1)
∫
K
τn(k
′)f(gk′)dk′
THE HEAT KERNEL ON SL(2,R) 17
for g ∈ G, k ∈ K.
7.3. Irreducible unitary representations of SL(2,R). First, we
describe important irreducible unitary representations according to [25,
Chapter 5]. For ε = 0, 1 and ν ∈ R, let Uε,ν : G → U(L2(R, 1pidx)) be
the unitary representation of G given by
Uε,ν(g)f(x) = (sgn(cx+ d))
ε(cx+ d)i2ν−1f(
ax+ b
cx+ d
),
where g−1 =
(
a b
c d
)
∈ G. It is known that Uε,−ν ∼= Uε,ν . The set
{Uε,ν}ε=0,1,ν>0 is called the continuous series. We denote by H the
upper half plane in C. For an integer m ≥ 2, let
H +m = {f : H :→ C | f :
holomorphic, ||f || = ∫
H
|f(z)|2ym−2dxdy <∞},
H −m = {f : H :→ C | f :
anti-holomorphic, ||f || = ∫
H
|f(z)|2ym−2dxdy <∞}.
These are Hilbert spaces. Let U+m : G → U(H +m ) be the unitary
representation of G given by
U+m(g)f(z) = (cz + d)
−mf(
az + b
cz + d
)
and U−m : G→ GL(H −m ) be the unitary representation of G given by
U−m(g)f(z) = (cz¯ + d)
−mf(
az + b
cz + d
),
where g−1 =
(
a b
c d
)
∈ G. The set {U+m}m≥2 ∪ {U−m}m≥2 is called the
regular discrete series. Let Gˆp = {Uε,ν}ε=0,1,ν>0∪{U+m}m≥2∪{U−m}m≥2.
This set is called the regular principal series.
Next, we discuss characters according to [25, Section 5.6]. Let gC
be a complexification of g, U(gC) be the enveloping algebra of gC,
Z ⊂ U(gC) be the center of U(gC) and U ∈ Gˆ. For u ∈ Z, we see
that dU(u) is a scalar operator by the Schur Lemma, so that we can
write dU(u) = χU(u)IdHU with χU(u) ∈ C. Then, the homomorphism
Z ∋ u 7→ χU(u) ∈ C is defined. The function χU is called the character
of U . Since U(gC) is isomorphic to the space DL(G) of left invariant
differential operators (see [25, Section 2.5]), we can identify Z with a
center of DL(G). Let
CG = −X˜1 ◦ X˜1 + Y˜1 ◦ Y˜1 + Y˜2 ◦ Y˜2,
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then CG ∈ Z and ∆G = 2X˜1 ◦ X˜1 + CG. The element CG is called the
Casimir operator of G. We can describe the value of characters at the
center CG.
Theorem 30. (cf. [25, Theorem 6.4 in Chapter 5]) We have
χUε,ν(CG) = −
1
2
(ν2 +
1
4
),
χU+m(CG) =
m(m− 2)
8
,
χU−m(CG) =
m(m− 2)
8
.
Finally, we describe the weights and Gˆ(τn)p = Gˆ(τn) ∩ Gˆp according
to [25, Section 5.6]. For U ∈ Gˆ, let ΛU = {n ∈ Z |m(τn, U) 6= 0}
which is called the set of weights of U . For n ∈ ΛU , let eUτn ∈ HU be a
normalized weight vector of n. Now, we can give the set of weights.
Theorem 31. (cf. [25, Theorem 6.4 in Chapter 5]) We have
ΛUε,ν = {n ∈ Z |n ≡ ε (mod2)},
ΛU+m = {n ∈ Z |n ≤ −m, n ≡ m (mod2)},
ΛU−m = {n ∈ Z |n ≥ m, n ≡ m (mod2)}.
Using Theorem 31, we can describe Gˆ(τn)p.
Corollary 32.
If n ≥ 0, we have
Gˆ(τn)p = {Uε,ν | ε ≡ n(mod2), ν > 0} ∪ {U+m | 2 ≤ m ≤ |n|, m ≡ n(mod2)}.
If n < 0, we have
Gˆ(τn)p = {Uε,ν | ε ≡ n(mod2), ν > 0} ∪ {U−m | 2 ≤ m ≤ |n|, m ≡ n(mod2)}.
7.4. The spherical functions on SL(2,R). First, we discuss deriva-
tives of the function ΦUτn(g
−1). For U ∈ Gˆ, let 〈, 〉HU be an inner product
of HU . We get Φ
U
τn
(g) = 〈U(g)eUτn , eUτn〉HU . On the other hand,
ΦUτn(g
−1) = 〈U(g−1)eUτn , eUτn〉HU = 〈eUτn , U(g)eUτn〉HU = ΦUτn(g).
We put η : G ∋ g 7→ g−1 ∈ G and Φ˜Uτn = ΦUτn ◦ η. Let X ∈ g and X˜ be
the left invariant vector field on G induced by X . Then,
X˜Φ˜Uτn(g) =
d
dt
〈eUτn , U(getX)eUτn〉HU |t=0
= 〈eUτn , U(g)dU(X)eUτn〉HU .
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To know X˜Φ˜Uτn(g) more, we should know an expression of dU(X)e
U
τn
.
We can observe dU(X)eUτn as follows.
Theorem 33. (cf. [18, Section 6.5, 6.6]) We have
dUε,ν(X1)e
Uε,ν
τn = −
1√
8
ineUε,ντn ,
dUε,ν(Y1)e
Uε,ν
τn =
1
2
√
8
(
(i2ν + 1− n)eUε,ντn−2 + (i2ν + 1 + n)eUε,ντn+2
)
,
dUε,ν(Y2)e
Uε,ν
τn =
i
2
√
8
(
(i2ν + 1− n)eUε,ντn−2 − (i2ν + 1 + n)eUε,ντn+2
)
,
dU±m(X1)e
U±m
τn
= − 1√
8
ineU
±
m
τn
,
dU±m(Y1)e
U±m
τn
=
1
2
√
8
(
(m− n)eU±mτn−2 + (m+ n)eU
±
m
τn+2
)
,
dU±m(Y2)e
U±m
τn
=
i
2
√
8
(
(m− n)eU±mτn−2 − (m+ n)eU
±
m
τn+2
)
.
By Theorem 30 and Theorem 33, we obtain X˜1◦X˜1Φ˜Uτn(g) = −18n2Φ˜Uτn(g)
and CGΦ˜
U
τn
(g) = χU(CG)Φ˜
U
τn
(g), so that
∆GΦ˜
U
τn
(g) = λUτnΦ˜
U
τn
(g), where λUτn = −
1
4
n2 + χU(CG) < 0. (2)
Next, we see expressions of the functions Φ˜Uτn(g) and its derivatives
explicitly. To do so, it is enough to know the expressions of the func-
tions 〈eUτn1 , U(g)eUτn2 〉HU explicitly. By using the Cartan decomposition
G = KAK, we have
〈eUτn1 , U(kθ1askθ2)e
U
τn2
〉HU = 〈U(k−1θ1 )eUτn1 , U(as)U(kθ2)e
U
τn2
〉HU
= e−i
n1θ1+n2θ2
2 〈eUτn1 , U(as)e
U
τn2
〉HU
for any θ1, θ2 ∈ R, s > 0. Thus the function 〈eUτn1 , U(g)eUτn2 〉HU is de-
termined by the function 〈eUτn1 , U(as)eUτn2 〉HU . Explicit expression of
〈eUτn1 , U(as)eUτn2 〉HU is given by two ways. We refer to both of them.
Theorem 34. (cf. [25, Proposition 7.16 in Chapter 5]) Let ν be a
complex number such that χU(−2C) = ν2+1, a = iν+ 12+ |n1−n2|4 +n1+n24
and b = iν + 1
2
+ |n1−n2|
4
− n1+n2
4
. Then
〈eUτn1 , U(as)e
U
τn2
〉HU =
(
tanh
s
2
) |n1−n2|
2
(
cosh
s
2
)−i2ν−1
F (a, b, 1, (tanh
s
2
)2)
where F is the hypergeometric function.
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Theorem 35. (cf. [17, (2.15)]) The function 〈U(as)eUτn1 , eUτn2 〉HU is
given by follows.
〈Uε,ν(as)eUε,ντn1 , e
Uε,ν
τn2
〉HUε,ν =
(
cosh s
2
)−i2ν−1
1
4pi
∫ 4pi
0
(
1− tanh s
2
eiψ
)−iν+n1
2
− 1
2
(
1− tanh s
2
e−iψ
)−iν−n1
2
− 1
2
ei
n2−n1
2
ψdψ.
〈U±m(as)eU
±
m
τn1
, eU
±
m
τn2
〉H
U
±
m
=
(
cosh s
2
)−m
1
4pi
∫ 4pi
0
(
1− tanh s
2
eiψ
)−m+n1
2
(
1− tanh s
2
e−iψ
)−m−n1
2
ei
n2−n1
2
ψdψ.
Thus, we can calculate Φ˜Uτn(g) = Φ
U
τn
(g−1) and its derivatives explic-
itly. Moreover, we discuss an another explicit form of the spherical
function ΦUτn . Let α, β, λ ∈ C (α 6= −1,−2, ...). We give a differential
equation on R:
d2φ
dt2
+
(
(2α + 1)
1
tanht
+ (2β + 1)tanht
)dφ
dt
+
(
λ2 + (α + β + 1)2
)
φ = 0.
When we assume φ(0) = 1 and φ is even, the unique solution is called
a Jacobi function. We denote φ = φ
(α,β)
λ . We can write Φ
U
τn
by using a
Jacobi function (see [17, Theorem 2.1]):
ΦUε,ντn (as) = (coshs)
nφ
(0,n)
2ν (
s
2
),
ΦU
±
m
τn
(as) = (coshs)
nφ
(0,n)
i(m−1)(
s
2
).
These are expressions of ΦUτn using Jacobi functions.
Finally, we discuss the Plancherel measure dµ on Gˆ. It is known
that dµ is described by the following formulas (see [18, Section 8.4],
[28, Section 7.2.1]):
dµ(U0,ν) =
1
2pi
ν tanhpiν dν,
dµ(U1,ν) =
1
2pi
ν
1
tanhpiν
dν,
dµ(U±m) =
m− 1
4pi
,
dµ(Gˆ \ Gˆp) = 0. (3)
Remark 36. The Plancherel measure dµ is determined uniquely by the
Haar measure dg (cf. [28, Theorem 7.2.1.1]). Of course, an expression
of dµ depends on a parametrization of Gˆ. We describe dµ following
[25, (8.3), (8,4) in Chapter 5].
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7.5. Principle series representations of SL(2,R). We apply the
argument of Section 6.1 to SL(2,R). We can show M = {±I2}. Let
Q = MAN . Since each parabolic subgroup Q′ is a block upper tri-
angular subgroup (see [15, Section 5.5]), we get Q′ = Q or G. When
Q′ = Q, we have M ′ = M , A′ = A and N ′ = N . When Q′ = G, we
have M ′ = G and both A′ and N ′ are trivial. In addition, both Q and
G are cuspidal. Next, we describe the result of induced representations
when Q′ = Q. We denote the set of irreducible unitary representations
ofM by {σ0, σ1}, where σ0 is the trivial representation and σ1 is defined
by σ1(±I2) = ±1.
Theorem 37. (cf. [25, Proposition 2.10 in Chapter 5]) For each ε =
0, 1 and ν > 0, Uε,ν ∼= U(Q, σε, iν).
7.6. The Helgason-Fourier transforms on SL(2,R). We rewrite
Theorem 28 when G = SL(2,R). We fix n ∈ Z. First, we consider the
case when Q′ = Q. Since A′ = A, the group A1 is trivial. Thus all µ1 is
trivial. Since M ′ = M , we have σ′ = σ˜′. In addition, there is at most
one σ such that m(τn, U(Q, σ, ν)) 6= 0 and Tσ˜ is an identity map. We
denote this σ by σε. Next, we consider the case when Q
′ = G. Since
A′ is trivial, all ν ′ is trivial. Tσ˜′ is also an identity map. In addition,
the sum
∑
σ′ is a finite sum (recall Corollary 32). In conclusion, we get
the following formula. Let f1, f2 ∈ C∞0 (G, τ). Then,
〈f1, f2〉L2(G,dg)
= cQ
∫
a∗×K
〈f˜1(ν, k), f˜2(ν, k)〉Vτnpσε(ν)dνdk
+cG
∑
σ′m
∫
K
〈f˜1(iµ1, k), f˜2(−iµ1, k)〉Vτnpσ′mdk,
where pσε(ν)dν = dµ(Uε,ν), pσ′m = dµ(U
±
m) and each σ
′
m is discrete
series of G such that σ′m ∼= U±m ∈ Gˆ(τn)p. We call this formula is the
Plancherel formula for SL(2,R).
7.7. Calculation of the heat kernel on SL(2,R). Let ρG(t, g) be
the heat kernel on G = SL(2,R). Then, ρG =
∑
Z
PτnρG. To calculate
ρG, it is enough to calculate PτnρG for each n ∈ Z. We fix n ∈ Z. Let
ρt,n(g) =
∫
Gˆ(τn)
Φ˜Uτn(g)e
tλUτndµ(U). If ρt,n satisfies conditions below:
(i)
∂
∂t
(ρt,n ∗ f) = ∆G(ρt,n ∗ f),
(ii) ‖ ρt,n ∗ f − f ‖L2(G,dg)→ 0 (t→ +0), f ∈ C∞0 (G) ∩ L2(G, τn),
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then ρt,n(g) = PτnρG(t, g) by uniqueness of the heat kernel. Thus, to
calculate PτnρG, it is enough to show conditions above. First, we show
(i).
Lemma 38. The function ρt,n(g) is continuous on (0,∞)×G.
Proof. For T > 0, we prove that the function eTλ
U
τn is a dominant func-
tion of the function Φ˜Uτn(g)e
tλUτn on [T,∞)×G. By Cauchy-Schwartz’s
inequality, we have |Φ˜Uτn(g)| ≤ 1. Thus |Φ˜Uτn(g)etλ
U
τn | ≤ eTλUτn since
λUτn < 0. We calculate an upper bound of ‖ eTλ
U
τn ‖L1(Gˆ(τn),dµ). We have
‖ eTλUτn ‖L1(Gˆ(τn)p,dµ)=
∫
Gˆ(τn)
eTλ
U
τndµ(U) =
∫
Gˆ(τn)p∩{Uε,ν}
+
∫
Gˆ(τn)p∩{U±m}
. (4)
The first term in (4) is evaluated as∫
Gˆ(τn)p∩{Uε,ν}
≤
∫ ∞
0
eT (−
1
4
n2− 1
2
(ν2+ 1
4
)) 1
2pi
νmax{tanh ν, 1
tanh ν
}dν
≤ e
− 1
8
T− 1
4
Tn2
pi
(∫ 1
0
dν +
∫ ∞
1
e−
1
2
Tν2νdν
)
=
e−
1
8
T
pi
(
1 +
e−
1
2
T
T
)
e−
1
4
Tn2.
On the other hand, the second term in (4) is observed as∫
Gˆ(τn)p∩{U±m}
=
∑
2≤m≤|n|,m≡n(mod2)
eT (−
1
4
n2+
m(m−2)
8
)m− 1
4pi
≤ eT (− 14n2+ 18n2) |n|
4pi
∑
2≤m≤|n|,m≡n(mod2)
≤ 1
8pi
e−
1
8
Tn2n2.
Therefore the function eTλ
U
τn is a dominant function. 
Lemma 39. For t > 0, we have ρt,n ∈ L2(G, dg).
Proof. By the Theorem 24, we have
‖ ρt,n ‖L2(G,dg)=‖ etλUτn ‖L2(Gˆ(τn),dµ) .
By the same way as the proof of Lemma 38, we obtain
‖ etλUτn ‖2
L2(Gˆ(τn),dµ)
≤ e
− 1
4
t
pi
(
1 +
e−t
2t
)
e−
1
2
tn2 +
1
8pi
e−
1
4
tn2n2.

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Lemma 40. For X ∈ g, We have
∂ρt,n
∂t
(g) =
∫
Gˆ(τn)
λUτnΦ˜
U
τn
(g)etλ
U
τndµ(U),
X˜ρt,n(g) =
∫
Gˆ(τn)
X˜Φ˜Uτn(g)e
tλUτndµ(U),
X˜ ◦ X˜ρt,n(g) =
∫
Gˆ(τn)
X˜ ◦ X˜Φ˜Uτn(g)etλ
U
τndµ(U).
Proof. We see that ρt,n(g) is smooth in t > 0 and g ∈ G by using
interchanging differentiation and integration. To see the situation, we
prove that ρt,n can be differentiated by Y˜1. For each T > 0, we find a
dominant function of Y˜1Φ˜
U
τn
(g)etλ
U
τn on [T,∞)×G. By Theorem 33, we
compute
Y˜1Φ˜
Uε,ν
τn
(g) =
1
2
√
8
(
(−i2ν + 1− n)〈eUε,ντn , Uε,ν(g)eUε,ντn−2〉HUε,ν
+(−i2ν + 1 + n)〈eUε,ντn , Uε,ν(g)eUε,ντn+2〉HUε,ν
)
and
Y˜1Φ˜
U±m
τn
(g) =
1
2
√
8
(
(m− n)〈eU±mτn , U±m(g)eU
±
m
τn−2〉HU±m
+(m+ n)〈eU±mτn , U±m(g)eU
±
m
τn+2
〉H
U
±
m
)
.
By Cauchy-Schwartz’s inequality, we have
|〈eUτn , U(g)eUτn−2〉HU | ≤ 1 and |〈eUτn , U(g)eUτn+2〉HU | ≤ 1.
Let ϕn be a function on Gˆ(τn) defined by
ϕn(U) =
{
| − i2ν + 1− n|+ | − i2ν + 1 + n| (U = Uε,ν)
|m− n|+ |m+ n| (U = U±m).
Then, we can show that ϕn(U)e
TλUτn is a dominant function of Y˜1Φ˜
U
τn
(g)etλ
U
τn
by using a similarly method in the proof of Lemma 38. Thus, ρt,n can
be differentiated by Y˜1 and
Y˜1ρt,n(g) =
∫
Gˆ(τn)
Y˜1Φ˜
U
τn
(g)etλ
U
τndµ(U).

Lemma 41. The function ρt,n ∗ f is continuous on (0,∞)×G.
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Proof. For T > 0, we prove that the function eTλ
U
τn |f(h)| is a dominant
function of the function Φ˜Uτn(h
−1g)etλ
U
τnf(h) with respect to (t, g) ∈
[T,∞)×G, where the integration domain is (h, U) ∈ G× Gˆ(τn). Since
|Φ˜Uτn(h−1g)| ≤ 1, |Φ˜Uτn(h−1g)etλ
U
τnf(h)| ≤ eTλUτn |f(h)|. We calculate
an upper bound of ‖ eTλUτn |f(h)| ‖L1(G×Gˆ(τn),dhdµ). Since variables are
separated, we have
‖ eTλUτn |f(h)| ‖L1(G×Gˆ(τn),dhdµ)=‖ eTλ
U
τn ‖L1(Gˆ,dµ)‖ f(h) ‖L1(G,dh) .
An upper bound of ‖ eTλUτn ‖L1(Gˆ,dµ) is calculated in the proof of Lemma
38. 
Lemma 42. We have ρt,n ∗ f ∈ L2(G, dg).
Proof. By Theorem 28 and Theorem 29,
‖ ρt,n ∗ f ‖2L2(G,dg)
= cQ
∫
a∗×K
e2tλ
Uε,ν
τn ‖ f˜(ν, k) ‖2Vτn pσε(ν)dνdk
+cG
∑
σ′m
e2tλ
U
±
m
τn
∫
K
〈f˜(iµ1, k), f˜(−iµ1, k)〉Vτnpσ′mdk.
The right side hand converges since λUτn < 0. 
Lemma 43. For X ∈ g, we have
∂(ρt,n ∗ f)
∂t
(g) =
(
∂ρt,n
∂t
)
∗ f(g),
X˜(ρt,n ∗ f)(g) = (X˜ρt,n) ∗ f(g)
and X˜ ◦ X˜(ρt,n ∗ f)(g) = (X˜ ◦ X˜ρt,n) ∗ f(g).
The proof of this lemma is almost the same as the proof of Lemma
41. Then, (i) is proved. Finally, we show (ii).
Lemma 44. ‖ ρt,n ∗ f − f ‖L2(G,dg)→ 0 (t→ +0).
Proof. By Theorem 28 and Theorem 29,
‖ ρt,n ∗ f − f ‖2L2(G,dg)
= cQ
∫
a∗×K
(1− etλUε,ντn )2 ‖ f˜(ν, k) ‖2Vτn pσε(ν)dνdk
+cG
∑
σ′m
(1− etλU
±
m
τn )2
∫
K
(1− etλU
±
m
τn )2〈f˜1(iµ1, k), f˜2(−iµ1, k)〉Vτnpσ′mdk.
The first term converges to 0 by the monotone convergence theorem.
Other terms converge to 0 clearly. 
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Then, (ii) is proved. Thus, we get the main result.
Theorem 45. Let G = SL(2,R). The function
ρ(t, g) =
∑
n∈Z
∫
Gˆ(τn)
Φ˜Uτn(g)e
tλUτndµ(U), (t, g) ∈ (0,∞)×G
is the heat kernel on G.
In addition, we can describe ρ(t, g) explicitly by Corollary 32, The-
orem 34 (or Theorem 35), (2) and (3).
8. Future problems
In this paper, we have calculated the heat kernel on SL(2,R). Our
next problem is Problem 9 in Section 2 about the heat kernel on
SL(2,C). We have discussed in a general situation in Section 3-6.
Thus, ifG is a non-compact semisimple Lie groupG having a multiplicity-
free subgroup K, the heat kernel on G will be calculated by a similar
way.
Furthermore, there are problems about the heat kernel related to
the Segal-Bargmann space. We introduce them. Let G be a Lie group
and ρG be the heat kernel on G. First, we discuss problems when
G = SL(2,C).
Problem 46. ([9, Open problem 1]) Let t > 0. Prove that the set of
linear sums of matrix entries of finite dimensional holomorphic repre-
sentations is a dense subspace of HL2(SL(2,C), ρSL(2,C)(t, g)dg).
Problem 47. ([9, Open problem 2]) Let t, ε > 0. Prove that the space
HL2(SL(2,C), ρSL(2,C)(t+ ε, g)dg) is a dense subspace of the space
HL2(SL(2,C), ρSL(2,C)(t, g)dg).
These problems seems not yet solved. Generalizing them, we can
consider other problems as follows.
Problem 48. Let t > 0. Prove that the set of linear sums of ma-
trix entries of finite dimensional representations is a dense subspace of
L2(SL(2,R), ρSL(2,R)(t, g)dg).
Problem 49. Let t, ε > 0. Prove that the space
L2(SL(2,R), ρSL(2,R)(t + ε, g)dg) is a dense subspace of the space
L2(SL(2,R), ρSL(2,R)(t, g)dg).
If we know an explicit expression of the heat kernel, we may get a
hint to approach these problems.
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